SPHERICAL MAXIMAL OPERATORS ON RADIAL FUNCTIONS 



Andreas Seeger, Stephen Wainger and James Wright 



1. Introduction 

For a function / G LP(R'^) we define the spherical means 

AJ{x) = [ fix- ty')da{y') 

where da is the rotationally invariant measure on 5"'"\ normalized such that a{S''~'^) = 1. 

Stein [5] showed that limt^o At f{x) = f{x) almost everywhere, provided / G LP(R'^), p > d/{d— 1) 
and c? > 3. Later Bourgain [1] extended this result to the case d = 2. If p < d/(d — 1) then pointwise 
convergence fails. However if {tjjjlj^ is a fixed sequence converging to then pointwise convergence may 
hold for all f ^ even if p < d/(d — 1), and p depends on geometric properties of the sequence {tj}. 

According to a theorem by Stein [4] pointwise convergence holds for all f ^ if the associated maximal 
operator 

Msfix) = sup \Atf(x)\ 
teE 

is of weak type (p,p), here E = {tj : j G N}. Let p(E) be the critical exponent for _L^-boundedness of 
A^B, in the sense that L^'-boundedness holds for p > p(E) and fails for p < p(E). By the Marcinkiewicz 
interpolation theorem p(E) is also the critical exponent for Me being of weak type (p, p) if 1 < p < d/(d—l). 
A geometric characterization of p(E) has been found in [3]; here arbitrary subsets E of (0, cxd) were admitted. 
In order to describe the result in [3] we let 7^ = [2*^, 2*^+"'^] and 

e'' = hnE 

and let N{E^ , a) be the a-entropy number of E^ , that is the minimal number of intervals of length a needed 
to cover E^ . Define 



s^olkei, log(l + (5-i) 

Then 

p(E) = 1 



KiE) = lim sup ^ ; -\ 

^ ' 6^oVi.X. log(l + ,5-n J 



'- 1 

Various results concerning the L^'-boundedness of for the critical exponent p = p{E) were proven 
in [3]; however these results fell short of being necessary and sufficient. If p < d/(d— 1) then a natural 
conjecture for the behavior on would be that A4e is of weak type (p,p) if and only if the covering 
numbers #(^;^ 2*^(5) are bounded by C6-'-'^-^'^'-P-^\ uniformly in k. Since the L^'-boundedness of for 
p < p(E) can be disproved by testing on rarfza/ functions (in fact characteristic functions of balls) one 
might first examine the behavior of A^^ on radial functions in . In this paper we completely characterize 
the sets E for which A4e is of strong type or of weak type (p, p) on radial functions if c? > 3 or if c? = 2 
and p < 2. Our first result concerns the case p < d/(d — 1). 
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Theorem 1.1. Let E C (0, oo) and d > 2. Let 1 < p < ■;j~f ■ Then the inequality 



11/11^ 

\{x : Msfix) > a}\ < C- 



hold for some C and all radial LP functions f if and only if for all (5 G (0, 1/2) 

(1.1) sup N(E\2H) < C",5-(''-i)(f-i) 

for some C" independent of 6. 

The condition for a strong type inequality is somewhat more complicated. More generally we consider 
the L^^^ LP'^ mapping properties where LP'^ is the standard Lorentz-space. 

Theorem 1.2. Let E C (0, cxd), d > 2 and let I < p < d/(d — I), p < Q < oo. Then the inequality 

\\MEf\\L'"i(M't) < C'||/||l^^^(K<') 

holds for some C and all radial f G LP(R'^) if and only if the condition 

(1.2) sup(y[#(i;J'+",2J')]«/f2-"(''-i)«/f') *<cxD 
is satisfied. 

Note that Theorem 1.1 is just the limiting case of Theorem 1.2, for q co. 

In dimensions c? > 3 we can also prove a characterization for LP _L^'*-boundedness at the critical 
exponent p = (d — l)/d, on radial functions. For the case q > p we have 

Theorem 1.3. Let E C (0,cxd) and d > 3. Let pd = d/(d— 1). Then A4e is of weak type (pd,Pd) on 
radial functions if and only if for all (5 G (0, 1/2) 

(1.3) sup #(^;^ 2*^,5) < C6-^[log(l/6)]~^^^''~^\ 

If Pd < q < oo then Me maps L^^^ boundedly into LP'^'^ if and only if for all 6 E (0, 1/2) 



(1.4) sup (J2[NiE\2H)Y'''^) <C^-i[log(l/^)] 

where the supremum is taken over all intervals I of length log6~^ . 

The condition for q = pd takes a different form. Let be the Dirac measure in supported at 

(k,n). For any subinterval I of the real line let T(I) be the tent 

(1.5) T(I) = {(x,t) : X e I, <t <\I\}. 
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Theorem 1.4. If d > 3 then Me maps L^^^iW.'^) boundedly into LP''(W.'^) if and only if the discrete 
measure Xlfcez X]n>o N(E'' , 2^~"')2~"'n^l^'^~^^h(};n) on the upper half plane is a Carleson measure; i.e. 



sup -i- V N{E\2''-")2-"n^^^''-^ 
i\>i \^\ n. 



(1.6) sup-- V NiE',2'-")2-"n'"^''-'^ <oo 

l^l^i (fc,n)eT(/) 

For a different formulation of Theorems 1.3 and 1.4 unifying the statements for p < q < cxd see Corollary 
2.6 below. 

Remarks. In various instances the conditions for boundedness take a simpler form, see also the discussion 
m §2. 

(i) Let £" = be supported in [1,2]. Let 

(1.7) «;„ = |{r:dist(r,^°)<2-"}|. 

Then for I < p < d/(d— 1) the local maximal operator A4eo is bounded on L^^^ if and only if the inequality 

(1.8) w„ < C2-"(i-(''-i)(f-i)) 

holds uniformly in n > 1. Moreover Me" is bounded on L'^^lj^'^ if and only if the inequality 

(1.9) w„ < Cn-^ 

holds uniformly in n > 1. These facts are immediate consequences of Theorems 1.2 and 1.4. Note also 
that in this case the condition for L^^^ _L^'*-boundedness does not depend on g G [p, cxd]. 

(ii) Suppose that E is the union of 2*^-dilates of a fixed set E'^ supported in [1, 2] and let w„ be defined 
as in (1.7). Then the condition 



(1.10) (^[«;„2"(i-(''-i)(''-i))]^/'' 



1/3 



< CXD 



n = 



is equivalent to (1.2) and the condition 

(1.11) «;„ < Cn"^(^+t) 

is equivalent to (1.4) (or (1.3) respectively). Finally condition (1.6) becomes 



(1.12) x:«^nn^/(''-^ 



< CXD. 



Various equivalent forms of our conditions are discussed in §2. There the necessity of these conditions 
is also proved. The proofs of the sufficiency are contained in §3-5. The proofs of Theorem 1.1 and 1.2 are 
contained in §3 for the case c? = 3 and in §5 for the case d = 2. The proofs of Theorems 1.3 and 1.4 are 
given in §4. 

The following notation is used: For a set E C M'' we denote the Lebesgue measure of E by \E\. The 
measure /^d on M_|_ is defined by d/^d = r'^~^dr. We always let = [2*^, 2*^+^] and Ik = [2''~^, 2*^+^]. Given 
two quantities a and h we write a < h or h > a if there is a positive constant C such that a < Ch. We write 
a & if a < & and a > h. 
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2. Preliminaries 

We begin by recalling a characterization of Lorentz-spaces L^'^ . Let / be a measurable function in 
a measure space SI with measure Let Xf(a) = /J-iix : > a}) be the distribution function and 

f*(t) = inf{a : Xf(a) < t} the nonincreasing rearrangement. Then one defines the _L^'*-quasinorm with 
respect to the measure /j, by 

ii/ik^n.) = (ff [^^^''rwi^f)^'^ 

This is not actually a norm but for I < p < co the space L^'^ = {/ : ||/||Ly<i < co} carries a Banach space 
topology ([7]). The following Lemma is probably well known, but we include a proof because of lack of an 
appropriate reference. 

Lemma 2.1. For any measurable function f 

(2.1) ll/lli,, = [q r a^[Xf(a)Y/P^y'' « 2-nA/ (2'^)]^/'') 

Proof. The equivalence of the second and third expression follows from a standard argument (as in [7, 
p. 192]). It suffices to show the equality of the first two terms for nonnegative simple functions; the general 
case follows by a limiting argument (see [7, p. 191]). Therefore assume f(x) = X]j=i ^XBj (*); with 
ai > a-j ■ ■ ■ > a„ > 0. Let vj = Ylk=il^i^k)- Set t;o = and a„+i = 0. Then A; (a) = YTj=i *'iX[a,+i ,a,)(a) 
and f*{t) = 'YTj=i '^jX[vj-i,Vj)(i)- An evaluation of the integrals yields 

q „.[A,(a)]^/^^ = ^.f [a|-a|^J 
Jo a 

and since vq = 0, a„+i = the two expressions coincide. □ 

It is sometimes useful to express the conditions in Theorems 1.1 and 1.2 in different ways. Let 
N{E^ , be as in the introduction and define 

(2.2) = {r e 4 : dist(r, E^) < 2*=-"+i} 
and 

(2.3) Dl = {r(^h: 2*^"" < dist(r, E^) < 2*^""+!}. 

By a binary interval of length 2-' we mean an interval of the form [m2^ , (m + 1)2-'] for m, j G Z. We first 
note 

Lemma 2.2. Let E C (0, cxd). Let N(E, 2^) be the minimal number of binary intervals of length 2^ needed 
to cover E. Then 

N(E, 2^) < N(E, 2^) < 3N(E, 2^). 
Moreover for any interval I with 2^ < \I\ 

2^-'-'N{Er\I,2^) < |{r e 7 : dist(r, 7; n 7) < 2^+^}\ < 2^+^N{E n 1,2^). 
We omit the elementary proof. 
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Lemma 2.3. Let E C (0,cxd) such that \E\ = 0. Suppose that I < p < d/(d— 1) and q > I. Then the 
following conditions are equivalent: 



/I 3\ 1/3 

< CXD 



(2.4) sup (y \n{E"+^ , 2J)]i/P2-"(''-i)/f '1 

CO 

(2.5) sup2-J'/f (y [|W^+"|i/f2-"(''-i)/f'] 

n=0 

oo 

(2.6) sup2-J'/f (y [|L>{+"|i/f2-"(''-i)/f'] 



/I 3\ 1/3 
, , ^ CXD. 

?ez ^■^ — ' ' 

^ n = 



_For q = CO these statements remain true if one replaces the I'^-norm by the supremum. 

Proof. The equivalence of (2.4) and (2.5) for all p immediately follows from Lemma 2.2. Clearly (2.5) 
implies (2.6). Since we assume that the closure of £" is a null set we also have 



m>n 



-n(d-l)/p'l«^l/« 



(2.7) \w!;\=J2\D. 

Using (2.7) and Minkowski's inequality we obtain 

CO 

2-J'/f (y [|W^+"|i/f2 

n = 

oo 

s>0 n=0 

CO -, , 

< y^2'K''-i)/p'-i/P]sup[2-('-')/pfV |£)^^+™|3/P2-™(<'-i)3/p'') j 



-n(d-l)/p'l«^l/« 



s>0 



Since j was arbitrary and p < d/(d — 1) we see that (2.6) implies (2.5). □ 

We now discuss alternative formulations of the conditions in Theorems L3 and L4. Define for any 
subset A ofZxM 

(2.8) Oa(A)= J2 l^n|2'^^"'^ 

(k,n)eA 

where in our application X = d. Let 

(2.9) rA(/3) = {(fc,n): n2-*^(^-i)>/3} 
and for any interval I let T(I) be the tent of I as defined in (1.5). 

Lemma 2.4. Suppose E C (0, cxd) and \E\ = 0. Suppose I < p < co, 1 < A < cxd. Then 
supsup|P^„^|2-^(^-i)(''-iV-i « ,upsupf]P^^^^^^lf^^ 

n>lfc6Z |/|>1 13 \I\ 

and for I < p < q < co 

n>l|/|=n^^ ^ |/|>l^-'0 l-^l J P ^ 
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Proof. We only consider the case p < q < co, the case g = cxd is proved in the same way. 

First fix n > 1 and an interval I = [a,b], b — a = n. For / > 1 let /' = [a — 2'n, b + 2'n] and let 

so that 

Then using (2.7) we obtain 

^2-''V---^AF--^;|14/»|„F--^j"'- 



^[2-KA-l)(p-l)|i7i/fc|„P-l]«/P 

oo 2'n 



k(X-l)p I |r,fc(A-l)] 



;=1 fee/ m = 2'-in 



oo , 

1=1 kei 

<Ox(T(Ii)nTx(Pi(k,n)))]dPY/i 



|/|>i Vo 

where for the last inequality we have used (2.10). 

For the opposite inequality we fix an interval I of length |7| > 1 and set for /3 > 0, m > 1, 1 < 2^ < 2\I\ 

= {A; e 7 : /32™-2-^ < 2-*^(^-i) < /32™-^+i} 

and observe that the cardinality of is bounded independently of s, m and /3. Moreover for fixed k, s 
and m 

(2.11) / '4<C\. 

We estimate 



(fc,n)GT(/)nrA(/3) ^ 

E (/ E E 2-^^'"'^^''"'^i^ni(2^-'"H f) 

<J2'2-'"P J2 2l7|-i(/ [ ^ 2-*^(^-i)(''-i)|P^2'-|2^^''-'^] — ) 
[i+iog2l^|] 

< ^ 2^|7|-i(^[2-*^(^-i)(P-i)|P^2'-i|2'^''"'T^'') 
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where for the last inequality we have used (2.11) and the statement preceding it. Now for each s with 
1 < 2^ < 2\I\ the interval 7 is a union of |7|2~^ intervals of length 2' and therefore 



[l+l0g2l^l] 

J2 2^|/r'(^[2-*^(^-i)(''-i)|P^2'-|2'^''"'^] 
[i+iog2|/|] 

< J2 2^i/r'(^ ^ [2-'(^-')(''-'W2'-ii2'^''"'T^'' 

[l+l0g2 |/|] 

< ^ 2^(i-P/«)|7|-i+P/«sup sup (^[2-*^(^-i)(P-i)|P^„^|nP-i] 



n>l\J\=n \gj 

and the desired inequality follows since q > p. □ 

Lemma 2.5. Suppose I < p < co, < A < cxd. Then the condition 

(2.12) sup ^ V |W„^|2-*^(^-i)(P-iV-i < oo 

|/|>1 1^1 (k,n)eT(I) 

holds if and only if \E\ = and the condition 

(2.13) sup / — — < oo 



|/|>i Jo 

holds. 

Proof. We first observe that 



1^1 P \I\Jo ^ 13 



2-fe(A-i) 

(fc,n)GT(/) 

fc(A-l)(p-l)„p 

1^1 



(2.14) = ^ \Dl\2-^y--^>y'^'-^>n 

(k,n)(iT(I) 

Now suppose that (2.12) holds. Then it is easy to see that \E\ = 0. Fix an interval I and let I* the 
double interval. Since the sequence n \ W^ \ is monotone we obtain that 

[l+l0g2(|/|)] 

' ' (fc,n)GT(/) ' ' fee/ s = 



(2.15) < ^ E l^n|2 



'"^ ' (fc,n)GT(/*) 



Conversely assume that \E\ = so that (2.7) applies. Fix I = [a,h] and let Ii = [a-2'+i|7|, & + 2'+i|7|]. 
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Then 



(k,n)eT(I) 

[log2(|/|) + l] 

' ' kei s=o 

oo [log2(|/|) + l] 

' ' ;=0 kel s = 2»+'-i<m<2»+' 

oo , [l0g2(|/|) + l] 

^Eni^-'^'E E 2-^(^-1x^-1) y: \D'm\m^ 

1=0 ' ^' fee/ s = 2^+'-i<m<2^+' 

oo ^ 

< ^2-'(^-i)^ ^ 2-^(^-i)(^-i)|i?^|m^ 

;=0 ' " (fc,m)GT(/,) 

(2.16) ~^^Pm E 2-^(^-i)(''-i)|i?^|m^ 

' ' (k,m)eT(J) 

The asserted equivalence follows from (2.14-16). □ 

Lemmas 2.2, 2.4 and 2.5 can be used to unify the statements of Theorems 1.3 and 1.4. 
Corollary 2.6. For any interval I with \I\ > 1 let 

-Od(rd(/3)nT(7))ii/p 



(2.17) apj(p) = 

Then the condition 

(2-18) sup ||Op^_/||i,(K+,d/3//3) < oo 

|/|>i 

is equivalent with (1-3) if q = cxd, with (1-4) if p < q < co and with (1-6) if q = p. 

Necessary conditions. We now consider the spherical mean Aif for a radial function / with f(x) 
fo(\x\). Then Aif is also a radial function, given by 

(2.19) Atfix) = Cd I , Kti\x\,s)fois)ds 

J\\x\-t\ 

where 



(2.20) Kt(r,.s) 



(r + ty - (r - ty J (r + ty - (r - ty 



This follows from a straightforward computation, see [2]. In order to derive necessary conditions for 
LP L^"^ boundedness we shall use the following lower bounds which immediately follow from (2.19-20). 
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Lemma 2.7. Suppose fo{r) > for all r > 0. Then there is c > 0, independent of fo, such that 

MEf{x)>c2-^'^'^-^'^ I s'^-'' fo{s)ds if\x\(^Di. 

We first note set if /o(s) = s-(''-^'>[\ogl/ s]-^X[o,i/2]is) then f E LP{]SL''), p < d/{d-l), but Me fix) = 
CO for X E E. Tlius L^'^ boundedness for p < d/(d — 1) implies tliat £" is a null set. 

In order to see the sharpness of Theorem 1.1 and Theorem 1.2 we test on the radial / with 

/o(s) = S-<'/PX[2.,2. + i](s), 

then II/IIp f« 1. Also 

\{x : Me fix) > C2^}\ > ^ j^^J+n |2a+n)(d-i) 

^.2-n(d-l)2-3d/py2<' 

for suitable C > 0. We estimate from below the sum of the right hand side by the sum over those terms 
with k. 2'^+!'^ and use only those expressions in the definition of the Lorentz-space via the 

distribution function. This yields 

i^[2"\{x:MEfix)>C2"]\^'^Y^ * > {^[\Di+"\^ln-^ l^-^^-^'^l^'Y^ \ 

a n = 

Since j is arbitrary the necessity of the conditions in Theorems 1.1 and 1.2 follows from the last inequality 
and Lemma 2.3. 

In order to see the sharpness of Theorems 1.3 and 1.4 we fix 7 = [a — _L, a + _L] and define / via 

/o(s) = S^"''x[2«-i°i,2« + i°i](s)- 

Then 

(2.21) = 0(|/|(''-i)/''). 

Now if e A; e 7, < n < |7| then Me fix) > c^-^'-'^-^'^n by Lemma 2.7 and therefore 

(2.22) \{x e M'' : Me fix) > a}\ > OdiTdica) n T(7)). 

In view of Corollary 2.6 the necessity of the conditions in Theorem 1.3 and Theorem 1.4 is an immediate 
consequence of (2.21) and (2.22). 

3. Estimates in higher dimensions 

We shall use the following pointwise estimate for the spherical means acting on radial functions / 
defined in M'', c? > 3 such that 

fix) = /o(f) where r = \x\. 
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Lemma 3.1. Fix I < p < 2 and set 

(3.1) g{s) = fois^s^'-^yP . 
Then 

(3.2) Me fix) < C\[mg(r) + Rih{r) + R^Ur)] 
where 

(3.3) 9Kff(r) = sup r^-"^ / s V g{s)ds 

r/2<t<3r/2 

(3.4) Rifo(r) = sup i / ^ fo(s)d.s 

t<r/2 Jr-t 



1 



t+r 



(3.5) R'zfoir) = sup - / fo(s)ds. 

t>3r/2 Jt-r 

The estimate (3.2) is an easy consequence of (2.19-20); we shall omit the proof. Theorems 1.1 and 
1.2 for c? > 3 are immediate consequences of the estimates for i?2 and 9Jt in Lemmas 3.2, 3.3 and 
Proposition 3.4 below. 

Lemma 3.2. For I < p < oo, c? > 1 the operator Ri is bounded on L^^jid)- Moreover Ri is of weak type 
(1, 1), with respect to the measure jidj t.e. 

^idiir ■■ Rifoir) > a}) < a"! j \fois)\s''-Us, 

for all a > 0. 

Proof. Since Ri is bounded on L°° it suffices to prove the weak-type inequality and the conclusion follows 
by the Marcinkiewicz interpolation theorem. We observe that if supp h C [2*^,2*^+^] then supp Rih C 
[2^-1,2^+2]. Let f{-s) = EL-2 \fo{-s)\xi.J:s). Then 

l^4{r ■■ Rifoir) > a}) <J22'(''-^->\{r £ h : Rif\r) > a}\ 

k 

and by the weak type inequality for the Hardy-Littlewood maximal function the right hand side is domi- 
nated by a constant times 



a 

k 



Lemma 3.3. Suppose d > I. Then the operator i?2 is bounded on L^ijid), 1 < P < oo. 
Proof. Clearly i?2 is bounded on L°° , so it suffices to check the claim for p = 1. Then 

E / \R2fo(r)\r'-'dr < [ r'-^^-^^^+^y^-^) f \fo(.s)\.s''-U.s dr 

The assumptions on the set E will be needed now when we estimate 9Jt/o. 
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Proposition 3.4. Suppose that I < p < d/(d — 1), p < 5 < oo and 

sup(^[#(i;j'+",2Jy/f2-"(''-i)/f']*)^''* <A ifp<q <oo 

^ n>0 

sup#(i;J'+",2Jy/f2-"(''-l)/f' < A ifq = cxD. 

j," 

Then 9Jt maps boundedly into LP'^ljid). 
Proof. Define for £ > 

(3.6) MMr) = E E XD>'(ry-'' [ s'f^-\j(s)ds; 

k n>l-3 •^2'-"+^ 

then 9Jt(/(r) < '^'^Q^ig(i'). We now derive an _L^'*(//(j)-estimate for SJt^f/ in terms of tlie L^'-norm of g 
(wliicli is equal to tlie _L^'(//(j)-norm of /o). 

First note tliat tlie assumption on E implies \E\ = and therefore also jJ-diE) = 0. Consequently it 
suffices to estimate the functions dKig on the set ^j- nD^. By Holder's inequality 

m,g{r) < C7i2-^(<'-i)2(^-"+^)('7^-i)||,|U,(,.-„+.) if r e 

Therefore 

,,d{{r:m,g>2^})<Y,'^''^'-'^\Di\ 
where in the starred sum we sum over all pairs n) with the property that 

/ d-l 1 ^ 



We change variables j = k — n and set for fixed j and k = 0,1,2,... 

B'.ja = {n>0: C7i2-(j'+")(''-i)2(^'+')('T^-i)||(,||ipg,+.) e [2-+- ^2^+^+')} 

= {n>0: C7f2-J'''2-"(''-i>2^('^-i)''||(/||^,(^,.+,^ £ [2(<^+''> , 2(<^+''+i>)}. 

^di{r:m^g>2^})<J2J2 E 2^-(''-i)2"(''-i)|i?^„+"|. 



Then 

Now 
and 



Therefore by Minkowski's inequality 

1 <iIp\ 1/3 



K>0 <7 j neB^^^ 

^ E(E2^lE E 2^^'?^-'^''2-"(<'-i)(^-i)#(i?^-+",2^-)2-('^+->||,ir^,(,,,,J 



K>0 (7 

(3.7) 



< 2'('T^-i)^2-'^(^[^( ^ 2-"(''-i)(P-i)#(i?J'+",2J')) Y'^ll'^ll'' 



K>0 J (7 neB" 
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Now observe that for every a there are at most three n in Bl^^ and for every n there are at most three a 
such that n G ^1^^. Therefore 

Consequently 

<7 K > j 

< A2^(v^-i)||<,||,. 

We have shown that SJt^ maps boundedly into LP^(nd), with norm 0(2 ^ r' p-^)^ for 1 < p < oo, 
p < q < CO (provided that A < co). The same argument applies to the case q = co, with only notational 
changes. Note that the operator norms ||9Jt£|| are controlled by a geometric sequence converging to if 
p < d/(d— 1). Since for I < p < co the Lorentz-spaces carry a Banach-space topology we may sum in £ and 
the proposition is proved in the case p > I. However using a result by Stein and N.Weiss [8] on summing 
functions in weak-L"'^ one can extend the argument to cover the case p = 1 as well. □ 

4. Estimates in higher dimensions, cont. 

We now give a proof of Theorems 1.3 and 1.4. For g G _L^'(M_|_) and fixed p, I < p < co, A > we 
define an operator *Tt = ^p,\ by 



2'. + i 



and let dfix = r^~^dr. 

Proposition 4.1. Let E C (0, cxd) such that \E\ = and 1 < p < oo, p < q < oo. Dehne T\(p), <0\ as in 
(2.8-9). Suppose that 

sup^ J -j <oo (.f,<oo; 

supsupM^a(IaM^1^^''<oo (.f, = oo;. 

I/I>1 p ^ \I\ -I 

Then *Tt maps boundedly into L^'^d^x). 

Proof of Theorems 1.3 and 1.4. In view of Corollary 2.6 the L^^^^ L^'^ boundedness of is a 
direct consequence of Lemmas 3.2 and 3.3 and Proposition 4.1; the latter is applied for p = p^ = d/(d— 1), 
A = and g{s) = fo{s)s'-'^-^yP'' . □ 

The special case _D = 1 of the following result concerning averages turns out to be crucial in the proof 
of Proposition 4.1. 

Proposition 4.2. For {x,t) £ x M+ dehne 

Sf{x,t) = u{x,t) / f{y) dy 

J\y-x\<2t 
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sup 
Q 



where u is a nonnegative measurable function. Let 

r(/3) = {{x,t) : t°u{x,t) > (]} 
and let fi be a positive measure in M,^ x M_|_. Suppose 1 < p < oo, p < 5 < oo and that 

rMr(^^nT(0)) 1 i/P 

sup sup p 1— — < cxD it q = OO 

Q 13 ^ \Q\ ^ 

holds; here we take the supremum over all cubes in and T(Q) is the cube in X M+ with bottom Q. 
Then 

l|5'/|liP,(KO + i,d^) < C'I|/||l!'(KO)- 

Proof. For m G Z let 

= {x: Mf(x) > 2™} 

where Mf is the Hardy-Littlewood maximal function of/. Let {Q™} be a Whitney-decomposition of 51^; 
here we assume that the Whitney cubes are binary cubes such that the coordinates of the corners are of 
the form ki2'''-' with ki^k^ E TL. Define 

7^™ = T(o™)\ y 

Then, if / 7^ 0, it is easy to see that every {x,t) e M:^+^ belongs to some T((5™) (for suitable m depending 
on X and t) and thus 

M:^+i = y 7^™. 

Let 

= {(x,t) : \Sf(x,t)\ > a} 

then it follows that 

If (x,t) G 7?.™ then we may pick xq such that \x — xo\ < cit (ci is some geometrical constant) and such 
that xo ^ 0™+^ which means Mf(xo) < 2™+i. Therefore 

t-^ / f{y)dy<C2Mf{xo)<C22'^+\ 

J\y-x\<2t 

Consequently if 1 I > a and {x,t) £ 7^™ then u{x,t)t^ > a(c22™+i)-i or £'„n7^™ C r(c2 ^2-™-ia). 
Thus 

n 7^™) < //(r(c2-i2-™-ia) n t(o™)) 

and therefore 

^ (E E (/°° men) n T(o™))] ^/''^ 



da\P/'i\ i/p 



m v 

= (j2'2'"p\^'"\y'' < \\Mf\\p 
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and since p > I the asserted inequality follows from the _L^-boundedness of the Hardy-Littlewood maximal 
function. □ 

Proof of Proposition 4.1. We apply Proposition 4.2 with D = 1 and 



2K + 1 

fi^) = ^X[K,K+i)ix) s-'^^P' g{s)ds, 



u(x,t) = J2x[k,k+i)(x)2-''^^-'\ 



Let 



Then 



k 

dn{x,t) = ^^X[k,k + l){x)X[n,n + l){t)\Dl\2^''^^-^Mxdt. 



Ua = {ik,n) : 2-*^(^-i) / g-^^P' \g{s)\ds > a} 



/ f{y)dy > a '\i {k,n) E Ua, k < X < k -\- \, n <t < n -\- \. 

Jx-2t 



r„,[ j2 iA';i2'<->]"'^)"'<(i:[r".-'',(.H')"'s 



u(x, t) 

Therefore an application of Proposition 4.2 yields that under our hypothesis 

^i/pday/i ^ ^^j- f^""^' _-,,„, , , , iP^i/p 

which implies the assertion. □ 

5. Estimates in two dimensions 

Again we begin by stating a pointwise inequality for acting on radial functions / in with 

j{x) = /o(f) where r = \x\. 

Lemma 5.1. Fix 1 < p < 2 and set 

(5.1) g{s) = Us)s'IP. 
Then 

4 

(5.2) Me fix) < C[mgir) + Mgir) + ^ i?,/o(r)] 

8 = 1 

where 

/■r+t 

(5.3) mg{r)= sup r'^ s^^^-'^^Pis - \r - t\)-'^^^g{s)ds 

r/2<t<3r/2 

(5.4) mg{r)= sup f-W s^/^-i/p^^ _^ ^ _ g^)-l/2^^^^,^^ 



tGB -Jlr-tl 

r/2<t<3r/2 
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and 

(5.5) Rifo(r) = sup / |s_r + t|-i/2/o(s)rfs 

teE Jr-t 
t<r/2 

rr+t 

(5.6) i?2/o(r) = sup / |r + t-s|-i/2/o(s)rfs 

tGB Jr 
t<r/2 

(5.7) i?3/o(r) = sup /" |s _ ^ + ^|-i/2/g(s) rfg 

t6_E Jt-r 
t>3r/2 

/•t+r 

(5.8) i?4/o(r) = sup / |r + 1 - s|-i/2/o(s) rfs. 

t>3r/2 

The proof consists of straightforward manipulations of (2.19-20) and is omitted. The case c? = 2 of 
Theorems 1.1 and 1.2 follows from the results on 9Jt, 9Jt and Ri stated in Propositions 5.2-5.4 below. 

Proposition 5.2. For I < p < co and i = 1,2 

/ \RJo(r)frdr) < C ^ sup[#(i?^ 2*^-™)]i/P2-™/2(m + 1)1/" ( / \fo(r)frdr) ; 

"'0 k Jo 

moreover there is the weak-type inequahty 

/•oo 

m{{r : Rifo{r) > «}) < C ^ 2-™/2(m + 1) sup #(^^ 2*^"™) a"! / |/o(r)|rrfr. 



Proof. We only consider Ri ; the operator i?2 is handled analogously. 

We first observe that if supp h C [2*^,2*^+"'^] then supp Rih G [2*^~^, 2*^+®] and we may hence assume 
that /o is supported in [2*^,2*^+"'^]. In this case 

Rifoir) < sup A't * /o(r) 

tG_E 

and the convolution kernel is defined by 

Kt{x) = t~^{l - t~^x)~^''^X[0,ca]{x). 

Let 13 e Co°° be supported in (1/2, 2) such that Er=-oo Pi^^ s) = 1 and define for m > 

K'^ix) = A't(a;)/3(2™(1 - t-^x)). 

Then 

oo 

\Rih{r)\<Mh{r)+Y,Ri,mh{r) 

m = l 

where M is the Hardy-Littlewood maximal operator and Ri^mfo = sup^g^ |A'™*/o|. Since is bounded 

on L°° with operator norm 0(2-™/2) it suffices to prove the weak-type (1, 1) inequality with respect to 
Lebesgue measure. In view of the above mentioned properties of the support of /o and i?i/o the analogous 
weighted version is an immediate consequence. 
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In order to prove the weak-type (1, 1) inequality we use Calderon-Zygmund theory for vector-valued 
operators. It then suffices to check that 

(5.9) [ sup sup |A'™(a; - y) - A'™(a;)| dx < m2-™/2 ^up #(^;^ 2*^"™). 

J\x\>2\y\ k teE>' ~ k 

First observe that supp A'™ C {x : \x\ < t} and therefore only terms with 2*^ > \y\/8 enter in the 
integral (5.9). Choose a minimal cover of A*^ with binary intervals 7^™ of length 2*^"™. It is elementary 
to check that 

r rl A™ 1 

sup |A™(a;)|-F2*^-™| -MU < C2-*^+™/2 

tgjj™ L dx i 

where C does not depend on k; moreover for fixed i> the expression on the left hand side is supported in 
Jj;"" = {x eR: dist(a;, 7^™) < 2*^+1"™} which is an interval of length < 2*^-™+3. Therefore the left hand 
side of (5.9) is bounded by 

2 V V / sup \K^(x)\dx + V V/ / sup \y—^(x - sy)\dxds 

I Jkm fizTkm In I Jkm ffzTkm UX 

^ ^ ^ ^ i2 — k-\-m / 2 ^jkm ^ _j_ ^ ^ |l/|2"^~^ ^ ^ ^jkm^i2 — k-\-m/2 

|j/|/8<2''<2™|j/| 2''>2'^\y\ v 

< m2-™/2sup^^(A^2*^-™). □ 

The following result concerning A3 and A4 is a singular variant of Lemma 3.3. 
Proposition 5.3. For I < p < co and i = 3, 4 

/ \Rifo(r)\Prdrj < C ^ sup[#(A^ 2*^-™)]1/p2-™/2 (/ |/o(r)|Prrfr' 



Proof. We only consider Rs; the corresponding proof for i?4 is similar. Define 

R3,mfo(r)= sup 2™/2r-i / ^ |/o(s)|rfs. 

tGB J(_r+2-™-ir 
t>3r/2 

Then |A3/o(r)| < X]m=o l-^3,m/o('')l- We use Lemma 3.3 to see that the operators Aa^m are bounded for 
m < 4 and assume henceforth m > 4. For fixed m > 4 we introduce a further decomposition in terms of 
the t/r; we then have 

00 

R3,mfo{r) < ^ R3,m,Lfo{r) 
L = 

where 



i?3,™,L/o(r) = ^X/.(r)2-2*^2™/22-^ sup f''^^ \fo(s)\sds. 
kez teB'.+i. 7t-r+2-"-ir 



Note that the operator norm of R3^m,L on L°° is bounded by (72"™/^ uniformly in L. We shall prove 
that A3_m_L is bounded on L^{n2) with operator norm bounded by C2"-^2"™/^ supj. #(A*^, 2*^"™"-^). Ta- 
king this for granted we obtain by interpolation that the LP(ij,2) operator norm of R3^m,L is bounded by 
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(j2-LIP2-ml2 sup 2*^-™--^)]i/P and this implies that 

5up[#(i;", 2"-"*-^)J"/»'2-"*/" I / \h[r)Yrdr' 

L>0 m>0 ^ ''° 



/ \R3fo(r)\Prdr) < ^ 2"^/^ ^ sup[#(i?^ 2*^-™-^)]1/p2-™/2 (/ |/o(r)rrrfr 



n>0 



In order to prove the required L^{ji2) inequality for R3^m,L we cover the set E^'^^ with intervals 
jk+L,m+L of length 2*^-™ = 2*^+i-(™+i). Denote by Jk+L.m+L double interval. Then 



2^ + 1^+3 

^y^^jk+L,m+Ly^-k-L+ml2 [ |^^( 



2* 



Summing in A; yields the asserted inequality. □ 
Proposition 5.4. Suppose that 

sup(^[#(i;j'+",2Jy/f2-"/f']«)^''* < ^ ifp<q< oo, 

^ n>0 

snpN{E^+",2^y^P2-"^P' <A ifq = oo. 

j," 

Then for l<p<2,p<q<oo 

mg\\L..i,,,) + mg\\L.H,,,) < A\\g\\L.. 
Proof. We show this only for the operator 9Jl; the proof for 9Jl is similar but simpler. We dominate 

CO 

2rt(/(r)<2rtoff(r) + ^2rt,(/(r) 

1=1 

where 

r2\r-t\ 

mog{r)= sup r-M s^I'^-^Ip{s - \r - t\)-^l'^g{s)ds 



teE -Jlr-tl 

r/2<t<3r/2 

and for £ > the operators SJt^ are defined in (3.6). We see that for £ > I the estimate 

mMlL^H,.) < 2'('/p'-'MA\\g\\, 

was already obtained in the proof of Proposition 3.4. However the term 9Jto(j' is more singular in two 
dimensions and in what follows we prove the required estimate for the operator 9Jto. 

The set is a union of intervals 7^^^ . Let for < / < n 

E^j, = {t(^E^ : 2''-"+' < dist(t,7^J < 2*^""+'+!}. 
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Then a straightforward estimate yields 
mog{r) 

n oo — (|+2''~''"'''~"*"''' 1/ 

<^iEEEx/' (,)^^2-2^/^2(2"-2'+™)(i/^-i/2) sup (/ \g{s)\^ds^ " 

keZn>0 V ;=0™ = t6_E^,_^ V|r-t|+2'-'.+' — 

00 

= : Ci ^ 2rt,™(/(r) 

;,m=o 

where we write 

,|,_t|+2'— .+'—+1 ^ _ 



n>l k V t6£^,/J|r-t|+2'— — 

„|r-t|+2^+'— +1 

= VVVx/. + '.W2-2(j'+")/''2(2"-2'+™)(l/P-l/2) sup f/ VA8)\fd8 



Let 7j_|_; = [2-'"'"', 2-'"'"'"'""'^] and denote by 7j_|_; the expanded interval as defined in the introduction. We 
proceed analogously as in the proof of Proposition 3.4 and define 

Bf^ = {n > : c^2-2(J+")/P2(2"-2'+™)(i/p-i/2)||^||^^^_^^^ ^ p<^+^ 2<^+''+i]} 
There is the crude estimate 

(5.10) 2n,™<,(r) < 2-20-+")/P2(2"-2'+™)(i/p-i/2)||^||^^^_^,^^ ^ 

which implies that 

K>0 3 neB'y''^ 



Here we have of course used that \E\ = 0. Now 



K>max{m-;,0} j ngB"'™ 



3/p\ 1/3 



E (E2'^'[E E 2'^"\{r^Di+" ■.mj^g{r)>2^}\f'^''' 

K<max{m-;,0} <7 J nGBJ 

fl _|_ C72 



where the expression is of course only present when m > I. The estimate of Ej-^ follows the lines of 
the proof of Proposition 3.4 while for we shall use the finer estimate 

(5.11) (2*^ J^^ \m,mgirWdr) < C72('-")/p'2-™/2[Ar(i?^ 2*^-"+'-™-8)]i/P||3||^^^- 



Now if n e Bfj^ then 



22i+n ^ ^jp^2-'^-'='y2~"''P~^^2^''^~'^^2"^'''^~Pl'^\\g\f 



18 



and therefore we obtain by arguing as in (3.7), (3.8) 

K>max(m-;,0) j neBjj^"^ 

(5.12) 

< min{2(™-2')(i/p-i/2)^2™(i/P-3/2)22'(i-i/p)}sup (E[2-"(p-i)#(^J'+", 2J')]'/'')'^'| 



IP- 



^^f™< E (E[E E 2('-")(^-l)2-™W2^(^.+n^2^>.-™-8)||^||P^^_^J' 



1/3, 



Assuming (5.11) we obtain for m > / by Tshebyshev's inequality 

I 3/p\ 1/3 

2V'~"AJ'~-^;2~"''^' ^A/ (i/'-' 2-'''''~"'~°)||(/||'^ - 

< (m - sup (E [2('-")(f-i)2-™f /2Ar(i;J+", 2J'+'-™-8)] ^^^^ 
(5.13) < (m- /)2-™(i/f-i/2)g^p|'^[2-"(f-i)#(i;j'+",2J')] 

^From (5.12) and (5.13) it follows that 

EE^'™ + E E^'™ ^ E(i + -)'2-'"('^''"^'^-p(E[2-"^''"^^(^^'^"'2^')]'^'''^'' 

m>0 ;>0 m>0;<m m n 

which proves the asserted inequality for the case 1 < p < 2, p < q < co. The argument for g = cxd is 
analogous and the case p = I can be handled in a similar way using the result of [8], as in the proof of 
Proposition 3.4. 

Proof of (5.11). For small m the appropriate estimates have already been obtained in the proof of Propo- 
sition 3.4. Therefore we may assume that m > 4 in what follows. 

For an integer ^ with 2""'+'* < ^ < 2"~'+® let J^"' be the union of all intervals 7^^, (in D^) which 
have nonempty intersection with [//2*^~"+'~'*, [ji + i)2*^~"+'~'*] and let 

F^'^^ = {t(^E^ : 2*^-"+'-! < dist(t, J^"') < 2*^-"+'+!}. 

Thus E^j^ C Fj^"' whenever 7^^, has nonempty intersection with [//2*^~"+'~'*, (// + i)2*^~"+'~'*]. 

We choose a minimal cover of 7"^"' with binary intervals Qjj"' = [ap,bp] of length 2*^""+'"™"®. If 
r G J^"' then for given p we have either bp<rorr<ap. Define for r G J^"' 



For fixed s let 



kni(. _ I ir-K + 2*^-"+'-™-3, r-ap + 2*^-"+'-™-2] if 6^ < r 



(2*^ [\m,mgirWdr 



Then the measure of 7?^"'(s) is 0(2*^ ™). We estimate 

|5m,™(/(r)rdr;'^'' 
(5.14) 

, . |r_t|+2'-''+'-™+i 

<C2-^klp^(2n-2l+m)(llp-ll2)Uky^ SUp / |;,(s) ^rfs rfr) 
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and 



|r-t|+2''-''+'-™+i 

E / sup / |5f(s)|Prfsrfr 



^EE/ / rfH^/wr^s 

(5.15) < 2*^-"+'-™Ar(i;*^,2*^-"+'-™-8) / |<7(s)|frfs. 

Combining (5.14) and (5.15) we immediately get the desired estimate (5.11). □ 
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